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Abstract. We study the existence of projectable G-invariant Einstein met- 
rics on the total space of G-equivariant fibrations M = G/L — > G/K, for a 
compact connected semisimple Lie group G. We obtain necessary conditions 
for the existence of such Einstein metrics in terms of appropriate Casimir oper- 
ators, which is a generalization of the result by Wang and Ziller about Einstein 
normal metrics. We describe binormal Einstein metrics which are the orthog- 
onal sum of the normal metrics on the fiber and on the base. The special 
case when the restriction to the fiber and the projection to the base are also 
Einstein is also considered. As an application, we prove the existence of a 
non-standard Einstein invariant metric on the Kowalski ra-symmetric spaces. 

1. Introduction 

We describe a class of invariant Einstein metrics on a homogeneous manifold 
M = G/L of a compact connected semisimple Lie group G, which is consistent 
with a homogeneous fibration G/L — > G/K. 

A Riemannian metric g is said to be Einstein if its Ricci curvature satisfies the 
Einstein equation Ric = Eg, for some constant E. The Einstein equation is a 
system of partial differential equations of second order, which is in general unman- 
ageable. A few results about Einstein metrics are known in the general case and 
many results are known under some extra assumptions (special type of metrics 
or metric with large isometry group). For example, there are deep results about 
Kahler-Einstein ([29], [2], [21], [24]) and Sasakian- Einstein manifolds ([7]). For a 
homogeneous space the Einstein equation reduces to a system of algebraic equa- 
tions, which is still very complicated. Even for homogeneous spaces we are far 
from knowing a full description. For instance, homogeneous Einstein metrics on 
spheres and projective spaces were classified by Ziller f|31j) and Einstein normal 
homogeneous manifolds were classified by Wang and Ziller (|25j). Every isotropy 
irreducible space, in particular any irreducible symmetric space (|10|.[14|) is an Ein- 
stein manifold ([5], [28]). Recently homogeneous Einstein metrics on homogeneous 
spaces with exactly two isotropy summands were classified by Dickinson and Kerr 
([9]). Nowadays, it is known that every compact simply-connected homogeneous 
manifold with dimension less or equal to 11 admits a homogeneous Einstein metric: 
a 2 or 3-dimensional manifold has constant sectional curvature ([£); in dimension 
4, the result was shown by Jensen ([12]), and by Alekseevsky, Dotti and Ferraris 
in dimension 5 (|T]); in dimension 6, the result is due to Nikonorov and Rodionov 
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([18j). and in dimension 7 it is due to Castellani, Romans and Warner ([8]). All the 
7-dimensional homogeneous Einstein manifolds ([17]) were obtained by Nikonorov. 
These results were extended to dimension up to 11 by Bohm and Kerr ([E])- All 
these results deal with the case of positive Einstein constant. Any homogeneous 
Riemannian manifold with zero constant is locally flat. There are also many results 
about invariant Einstein metrics with negative Einstein constant on solvmanifolds. 

Einstein homogeneous fibrations have also been the object of study. We recall, 
for instance, the work of Jensen on principal fibers bundles (|13j) and the work of 
Wang and Ziller on principal torus bundles f[27j). 

This paper is devoted to investigation of G-invariant Einstein metrics on the total 
space of G-equivariant fibrations. Let G be a compact connected semisimple Lie 
group and L C, K £ G connected closed non-trivial subgroups of G. We consider 
the fibration 

(1.1) M = G/L -> G/K = N, with fiber F = K/L 

and investigate the existence of G-invariant Einstein metrics on M such that the 
natural projection M 3 aL t— > aK 6 N, a G G, is a Riemannian submersion with 
totally geodesic fibers. 

By g, t and I we denote the Lie algebras of G, K and L, respectively. By $ 
and <&{ we denote the Killing forms of G and K, respectively. We set B = — $ and 
since G is compact and semisimple, B is positive definite. We denote by B q the 
restriction of B to some subspacc qcg. 

We consider a i?-orthogonal decomposition of g given by 

(1.2) g = tern, m = p ® n, 

where g = [ffim, g = fffin and t = I® p are reductive decompositions for 
M, N and F, respectively. An Ad ^-invariant Euclidean product on n induces a 
G-invariant metric g^ on N and an Ad L-invariant Euclidean product on p induces 
a G-invariant metric gF on F. The orthogonal direct sum of the metric gF on the 
fiber and the metric gjq on the base space N defines a G-invariant metric gyi on M 
which projects onto a G-invariant metric gw on N . We recall the following result 
due to L. Berard-Bergery: 

Theorem 1.1. (@|, 9 §H]j Let M = G/L -> G/K = N be a G-equivariant 
fibration, for a Lie group G, where K , L are compact subgroups. Let gu be the 
G-invariant metric on M given by the orthogonal sum of a G-invariant metric 
gN on N and a G-invariant metric gp on F = K/L. The natural projection 
M 3 aL i—* aK € N is a Riemannian submersion from (M,Qm) to (N,g^) with 
totally geodesic fibers. 

Moreover, if p and n do not contain any equivalent ^4di-submodulcs, then any 
G-invariant metric with totally geodesic fibers is constructed in this fashion. 

Throughout this paper, a G-invariant metric on M such that the natural projec- 
tion M 3 aL aK E N is a Riemannian submersion with totally geodesic fibers 
shall be called an adapted metric. 

An adapted metric on M shall be denoted by g^ ; g^ shall denote the projection 
of gM onto the base space N and gF its restriction to the fiber F. By using the 
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-B-orthogonal decomposition of g fixed in (|1.2|) . we denote by g m , g„ and g v the 
invariant Euclidean products on tn, n and p, respectively, which determine <?m, 9n 
and gF- Whereas g m and g v are AdL-invariant, g n is Ad K- invariant. 

We consider a f?-orthogonal decomposition p = pi © . . .©p s of p into irreducible 
Ad L-submodules and a B-orthogonal decomposition n = ni © . . . © n„ of n into 
irreducible Adif-submodules. Throughout we assume the following hypothesis: 

pi, . . . ,p s are pairwise inequivalent irreducible AdL-submodules; 
(1.3) ni, . . . ,n„ are pairwise inequivalent irreducible Ac? A'-submodules; 
p and n do not contain equivalent Adi-submodulcs. 

We remark that the submodules rij are not required to be AdL-irreducible. 
Under the hypothesis (|1.3[) . according to Schur's Lemma, any Ad L- invariant scalar 
product on m = p © n which restricts to an Ad if-invariant scalar product on n is 
of the form 




9p 9n 

Since an adapted metric gn on M projects onto a G-invariant metric on N, gM 
is necessarily induced by an Euclidean product g m of the form (|1.4p . 

Throughout this paper any homogeneous fibration M — > N and any adapted 
metric gM on M are as defined above. In Section [3] we derive formulae for the 
Ricci curvature for an adapted metric gM and find some necessary conditions that 
gM is Einstein. A main result consists of necessary conditions for existence of 
an Einstein adapted metric described just in terms of algebraic conditions on the 
Casimir operators of the isotropy submodules p Q and rife. We recall that if U is a 
vector subspace of g, the Casimir operator of U (with respect to the Killing form 
$) is the operator 

(1.5) C v = ^2ad Ui ad u < z € gtfg), 

i 

where {ui]i and are bases of U which are dual with respect to $, i.e., 

<$>(ui,u'j) — Sij. More precisely, we prove the following result: 

Theorem 1.2. Let M = Gj L — > Gj K be a homogeneous fibration. If there exists 
on M an Einstein adapted metric, then 

(i) there are positive constants \\, . . . , A s such that J^„ =1 A a C Pa is scalar on each 
x\j, where C Pa is the Casimir operator ofp a ; 

(ii) if gN is not a multiple of B, then there are positive constants v\, . . . ,v n , 
which are not all equal, such that Sj=i v j^^j 00 ^> w here C nj is the Casimir 
operator of x\j . 

In the following sections we focus in some special cases. In Section^ we consider 
the special case when the adapted metric is binormal. A binormal metric on M is 
a G-invariant metric gM such that its restrictions to the fiber and projection onto 
the base, gF and g^, are multiples of the restrictions of the Killing form of G, i.e., 
gM is defined by the Euclidean product 
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(1.6) g m = \B p ®[iB n . 

A binormal metric is clearly an adapted metric. Binormal metrics are a very 
natural class of metrics on homogeneous fibrations which generalize normal met- 
rics. We recall that a normal metric on M is defined by the restriction of an 
Ad G-invariant positive definite symmetric bilinear map to m. Einstein normal 
homogeneous manifolds were classified by Wang and Ziller ([IS]) and Rodionov 
(|21|). A necessary condition for existence of an Einstein normal metric on M is 
that the Casimir operator of [ is scalar on n ( 25J). Similarly, Theorem 11.21 states 
that a necessary condition for existence of an Einstein binormal metric is that the 
Casimir operator of the tangent space to the fibers, C p , is scalar on each of the 
irreducible horizontal submodules r\j. If this condition is satisfied, then the fol- 
lowing theorem reduces the problem of existence of Einstein binormal metrics to a 
system of quadratic equations with one variable. Thus, if C p is scalar on each tij, 
the only difficulty deciding about the existence of an Einstein binormal metric is 
the computation of the necessary coefficients. 

Theorem 1.3. Let M = G/L — > G/K be a homogeneous fibration. 

(i) If the Casimir operator of p, C p , is not scalar on some rij, then there are no 
Einstein binormal metrics on M ; 

(ii) Suppose that C p is scalar on each r\j , i.e., C p |n,- = VId. Then there is 
a one-to-one correspondence, up to homothety, between Einstein binormal metrics 
on M and positive solutions of the following system of quadratic equations on the 
unknown X G R: 

(1-7) 8 i ij {l-X)=5\ j , ifn>l, 

(1-8) (26 l ab + Sl b )X 2 = 5 e ab , ifs>l, 

(1.9) ( 7q + 2cu) X 2 - (1 + 2ct d ) X + (1 - la + 2V) = 0, 

for a,b — 1, . . . , s and i,j — 1, . . . , n. Here C[. a is the eigenvalue of C\ on p a , j a 
is the constant determined by 

$C lpaxp a = 7a* |p a xp a , 

ctj is the eigenvalue of Ct on Wj and the 8's are the differences 8\j = ct^ — cj.j, 
S\j = c M - cy, 5^ = 7 Q - 7fc and S[ b = C[, a - c [j0 . 

If such a positive solution X exists, then Einstein binormal metrics are, up to 
homothety, given by 

g m = B p ®XB n . 

In particular, this allows us to characterize Einstein adapted metrics on fibrations 
such that the fiber and base spaces are isotropy irreducible spaces. We remark that 
the fact that the base space N is isotropy irreducible does not imply that M has 
only two irreducible isotropy subspaces, since the horizontal subspace n is AdK- 
irreducible but is not in general AdL-irreducible. The particular case of existence of 
G-invariant Einstein metrics when M has exactly two irreducible isotropy subspaces 
was studied by Wang and Ziller, under some assumptions, in [26] and more recently, 
in full generality, by Dickinson and Kerr in [9], who classified all such metrics. 
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Corollary 1.4. Let M = G/L — ► G/K = N be a homogeneous fibration. Suppose 
that the fiber F = K/L and the base space N are isotropy irreducible spaces and 
dim F > 1 . There exists on M an Einstein adapted metric if and only if the 
following two conditions are satisfied: 

(i) Cp is scalar on n; 

(it) A > 0, where 

A = (1 + 2c E , n ) 2 - 4( 7 + 2c t ,„)(l - 7 + 26), 

C{ jn is the eigenvalue of C\ on n, C[ )P is the eigenvalue of C\ on p, b is the 
eigenvalue of Cp on n and 7 is such that ${ |pxp = 7$ Ipxp- 

If these conditions are satisfied, then Einstein adapted metrics are, up to homo- 
thety, given by 

9m = B p 8 XB n , where X = 1 I, 20 *'" — 

2(7 + 2c t ,p) 

In the case when F is 1-dimensional, the fibration M —> N is a, principal circle 
bundle, since F is an abelian compact connected 1-dimensional group. We recall 
that Einstein metrics on principal fiber bundles have been widely studied f|13j.|27j) 
and, in particular, homogeneous Einstein metrics on circle bundles were classified 
McKenzie Y. Wang and Wolfgang Ziller in [27]. From Theorem 1 1.31 We obtain the 
following well known result obtained previously in [27j . 

Corollary 1.5. Let M = G/L — > G/K = N be a homogeneous fibration. Sup- 
pose that N is isotropy irreducible and the fiber F = K/L is isomorphic to the 
circle group. There exists on M exactly one G-invariant Einstein metric, up to 
homothety, given by 

9m — B p © XB n , where X 



m(l + 2c{, n ) ' 
ct t n is the eigenvalue of Ct on n and m = dimN. 

Also interesting necessary conditions are found if the fiber is not isotropy irre- 
ducible. 

Corollary 1.6. Let M = G/L — > G/K be a homogeneous fibration. Suppose the 
fiber F = K/L is not isotropy irreducible and there exists a constant a such that 



(1.10) $oC, | pX p=a${ |p X p . 

For a = l,...,s, let 7 a be the constant defined by |p a xp a = 7a |p a xp a - If 
la lb, for some a, b, then there exists an Einstein binormal metric on M if and 
only if Cp is scalar on each \Vj and 

(1-11) c [ , j =(l- 7 ^=)(c i , j + l), j = l,...,n, 

where cy and ctj are the eigenvalues of Ci and Ct, respectively, on tv, . In this 
case, there is a unique binormal Einstein metric, up to homothety, given by 



1 



9m = Bp® t= ; = B n 



and, furthermore, the number \/2a + 1 is rational. 
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Interesting applications arise from the result above, for instance, when the fiber 
F = K/L is a symmetric space, since, in this case, a = 1/2 and clearly y/2a + 1 
is not rational. This implies that if an Einstein binormal metric exists, then the 
Casimir operator of t must be scalar on p. Though, Einstein adapted metrics on 
homogeneous fibrations with symmetric fiber are out of scope of this paper, the 
reader is invited to find such applications in [2>\. 

A natural question is to determine an Einstein adapted metric whose restriction 
to the fiber and projection to the base space are also Einstein metrics. This problem 
has been approached by several authors, see for instance, results by Berard-Bergery, 
Matsuzawa and Wang and Zillcr in [5] and [25]. In Section [5] we prove the following 
two results: 

Theorem 1.7. Let gM be an Einstein adapted metric on the homogeneous fibration 
M = G/L — > G/K = N defined by the Euclidean product 

9m = (® & a=1 X a B Pa ) © {®Z =1 fl k B nk ) . 

If gN and gF are also Einstein, then 

i 

(1-12) ^=(^)\^ = l,...,n, 

(ii3) K ^ f ^C b=i ^ 

j = \ J j=l J 

where V is the eigenvalue of^ s a=1 A a C Pa on x\j and c nj , a is defined by 

$(C %V ) | Pa x Pa = c„ 3 , Q $ | PaXPa . 

In particular, there exists at most one G-invariant metric g^ on N and one 
K -invariant metric gF on F such that gM is Einstein. 

Theorem 1.8. Let gM be an adapted metric on the homogeneous fibration M = 
G/L — > G/K = N defined by the Euclidean product 

Suppose that gM, gN and gF are Einstein and let E, Ef and En be the corre- 
sponding Einstein constants. If E ^ En, then 

_ ( V 
Mj - \2(E N -E) 

_ E - E F I Cnj.a ) 

where W is the eigenvalue of the operator y] . ^aCp a 071 XXj QTid Cn- a IS defined 
by$(C nj ;-) \p a xp a = Cn^a® lp a x Pa - 

Finally, in Section[6l we prove the existence of a non-standard Einstein metric on 
the n-symmetric spaces M = A „^, , for a compact connected simple Lie group Go, 
where A n Go is the diagonal subgroup. We recall that Wang and Ziller have shown 
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that the standard metric on these spaces is Einstein ([26], [21]). To investigate 
the existence of a non-standard Einstein G-invariant metric on M, we consider the 
fibration 

Go Gl Gl A P G x A q G 

with fiber F = 



A«G APG A?G ' A"G 
for n = p + q. The vertical isotropy subspace p is AdL-irreducible. However, the 
horizontal isotropy subspace n is not Ad if -irreducible. We consider a decomposi- 
tion n = ni © n 2 , 

(l.f 4) m = {(X u . . . , X p , 0, . . . , 0) : X 5 G 0o, X i = 0} C flg x 0, 

n 2 = {(0,... ! 0,X 1 ,...,X g ) :Xj ego^X, =0}c0 p xg«, 

where go is the Lie algebra of Go- We remark that this decomposition of n is 
not unique and tii, ri2 are not Ad K- irreducible either. Hence, the hypothesis (jl.3[) 
is not satisfied. We can still consider an adapted metric qm defined by a scalar 
product of the form 

(1-15) g m = \B P ® inB ttl ® fj, 2 B tt2 , 

but we should keep in mind that other adapted metrics might exists which are 
not of this form. We prove the following result: 

Theorem 1.9. Let Go be a compact connected simple Lie group and consider the 
fibration 

f~vn (~iV 

M = v 

A"G APG A<?G ' 

where p + q = n and 2<p<q<n — 2. For n — 4, the only Einstein adapted 

metric is the standard metric. If n > 4, there exist on M at least one non-standard 

Einstein adapted metric of the form hi. 15)) . This non-standard Einstein adapted 

metric is binormal if and only if p = q. Furthermore, its projection onto the base 

space is also Einstein if and only if p = q. 

2. The Ricci Curvature 

Let M = G/L be a homogeneous manifold of a connected Lie group G, where L 
is a compact subgroup. Let q = I © m be a reductive decomposition of M. In this 
section we describe the Ricci curvature, Ric, of the G-invariant metric qm on M 
associated to the Ad L-invariant scalar product <, > on m. For leg, let Px and 
Tx be the endomorphisms of m defined by 

(2.1) P X Y = [X,Y] m , Y em 

(2.2) <T X Y,Z >=<X,PyZ >, Y,Zem 

where the subscript m denotes projection onto m. For X G g, The Nomizu 
operator L x of the scalar product <, > ([IS], [TS]) is defined by 

(2.3) L X Y = -V Y X*,Y em 
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where V is the Riemannian connection of <?m and X* is the Killing vector field 
generated by X. We have 

(2.4) L X Y = ^P X Y + U(X,Y), 
where U : m x m — * m is the operator 

(2.5) U(X,Y)=~(T X Y + T Y X),X,Y em. 

Moreover, L x is skew-symmetric with respect to <, > and L X Y ~ LyX = P X Y, 
Fern. The metric gM is called naturally reductive if U = 0. The curvature tensor 
of gM at the point o = eL can be written as 

(2.6) R(X,Y) = [Lx,L Y }-L [XtY] , X, Y e m = T a M. 
The sectional curvature K of <?m is defined by 

(2.7) K{Z,X)=< R(Z,X)X,Z >, 

for every X, Z 6 m orthonormal with respect to < , > . The Ricci curvature of 
gM is determined by 

(2.8) Ric(X, X) = Y^ K[Z h X), X e m 

i 

where (^), is an orthonormal basis of m with respect to <, >. The metric gM 
is said to be an Einstein metric if there exists a constant E such that Ric — EgM- 
Below we describe the Ricci curvature of the G-invariant metric Qm by using the 
endomorphisms described above. The proof is out of the scope of this paper and 
can be found in detail in [3l §1.1]. 

Lemma 2.1. 3, §1.1] Let X,Y Em. 

Ric(X, Y) = - X -tr{2P x P Y + T X T Y ) - \<S>{X, Y) + tr(P u{x , Y) ). 

Remark 2.2. If there exists on m a non- degenerate Ad L-invariant symmetric 
bilinear form (3, then tr{Pxj<x,Y)) — 0, for all X, Y € m. Indeed, if such a bilinear 
form exists, tr P a = 0, for every a € m. Let {wi}i and {w'^i be bases of m dual 
with respect to (3, i.e., f3(wi,w'j) — Sij. Then, for every a G m ; 

0(P a Wi,w'i) = P([a,Wi]m,w'i) = -0(wu [a,w'] m ) = -/3(P a w;-, lOj). 
Hence, tr{P a ) = 0. Also, if the metric gM on M is naturally reductive, then 
Pjj(x,y) — 0; f or a ^ X,Y Em, since, in this case, U is identically zero. 
o 

Definition 2.3. Let P be a non- degenerate Ad G-invariant symmetric bilinear form 
on q. Let U be an Ad L-invariant vector subspace of q such that the restriction of fi 
to U is non-degenerate. The Casimir operator ofU with respect to (3 is the operator 

Cu — ad Ui ad u >. , 
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where {ui}i and {u'A-i are bases of U which are dual with respect to [3, i.e., 
P(ui,u'j) = Sij. 

A Casimir operator is independent of the choice of dual basis. Moreover, it is an 
Ad L-invariant linear map and thus it is scalar on any irreducible AciL-module. In 
particular, if g is simple, the only non-degenerate Ad G-invariant symmetric bilinear 
map on g, up to scalar factor, is the Killing form $ and C s = Id. 

Definition 2.4. Let U, V be Ad L -invariant vector subspaces of g. We define a 
bilinear map Quv ■ tn x m — ► K by 

Quv(X,Y) = tr([X, [Y, -]y]c/), X, Y E m, 
where the subscripts U and V denote the projections onto U and V, respectively. 



Lemma 2.5. Let (3 be a non-degenerate AdG-invariant symmetric bilinear form 
on g. Let U, V be Ad L-invariant vector subspaces of g such that the restrictions 
of (3 to U and V are both non-degenerate. Then 

(i) Quv — Qvu an d Quv is o>n Ad L-invariant symmetric bilinear map. Hence, 
if W C g is any irreducible Ad L-submodule, then Quv \wxw « s a multiple of 
\WxW- 

(ii) ifadxU CV or ad Y U C V, then Q UV (X,Y) = (3{CuX,Y) = /3(X,CuY), 
for X,Y Em, where Cu and Cy are the Casimir operators ofU and V, respectively, 
with respect to f3; 

(in) if ad x V _L U or ad Y V _L U, then Quv{X, Y) = 0, for X, Y e m; 

(iv) if adxadyU ±U or ad Y ad x U _L U, then Quv(X,Y) = 0, for X,Y Em. 

Proof: Since (3 is non-degenerate and (3 \uxu, P \vxv ar e non-degenerate, we 
consider the orthogonal complements U 1 - and V 1 - of U and V, respectively, in g 
with respect to (3. Also, we consider bases {wi}i and {w'^i of U which are dual with 
respect to j3. Moreover, since (3 is Ad L-invariant, it is associative. Let X,Y Em 
and g E L. 

f3([X, [Y, Wi ] v ]u, w'A = [3([X, [Y, w^id'A 
= -f3{[Y, Wi ] v ,[X,w' i ]) 

= -P{[Y, Wl ],[XM\v) 

= f3(w i ,[Y,[X,w' i \ v }) 

= f3(w i ,[Y,[X,w' i \ v } u ). 

Therefore, tr{[X, [Y, .] v ]u) - tr([Y, [X, .] v ]u) and thus Q UV {X, Y) = Quv{Y, X). 
So Quv is symmetric. To show the Ad L-invariance of Quv w e note that since V 
and V 1 - are Ad L-invariant subspaces and g = V ® V^-, the projections on V and 
V are also Ad L-invariant linear maps. 
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0{[Ad g X, [Ad g Y, Wl ] v ]uM) = P([Ad g X, [AdgY^vWi) 

= /3(Adg-i[Ad g X, [AdgY,Wi] v ], Adg-iWt) 

= /3([X,Ad g -i[Ad g Y,Wi] v ],Ad g -iwr) 

= /3([X,\Y,Ad g -iWi]v],M g -ivQ 

= l3{[X 7 [Y,Ad g -iw l }v}u,Adg-iw' l ). 

Since (3 is Aci G-invariant, if {uii\i and are dual bases of U with respect 

to /?, then {Ad g -iWi}i and {Adg-iw'A-i are still dual bases as well. So by the 
above we conclude that tr([Ad g X, [Ad g Y, -]v]u) = tr([X, [Y, -]v}u) an d thus Quv 
is AiiL-invariant. 

Let Z e m and set Az = (adz \u)y an d Bz = [adz \v)jj- We have 

Qvu(X,Y) = tr(A x B Y ) = tr{B Y A x ) = Q UV (Y,X). 

Hence, by symmetry of Quv, we conclude that Qvu{X,Y) = Quv{Y,X) = 
Quv(X,Y), for every X, Y e m. Therefore, Quv = Qvu- 

To show (ii) let Cu = JZ, ad Wi ad w i be the Casimir operator of U with respect 
to (3. Since Quv = Qvu it suffices to suppose that adyU c V. If adyU c V, then 

Qc/y(X,r) =tr([X, [y;-]] u ) = tr(ad J cady 

Since P([X, \Y,Wi]]u,wl) = 0([X, [Y, Wi ]],w[) = (3(Y, [ Wi , H,X}}), we have 

Quv(XX) = K K,^]]) = P(Y,CuX). 

i 

By symmetry of Quv we also get Quv{X, Y) = [3(X, CuY). 

If adxV _L [/, then, for every w,w' € C/, (3([X, [Y, w]v], w') = and thus 
Quv(X, Y) = 0, for every Fern. By symmetry, the same conclusion holds if 
adyV _L U. This shows (hi). 

Finally, to prove (iv), if adxadyU _L U, then, for every w, w' € U,/3([X, [Y,w]],w') = 
and thus /3([X,[Y,w] v ]u,w') = 0. Hence Q UV (X,Y) = 0. If ad Y ad x U _L U, 
then Quv{X, Y) = by symmetry. 

□ 

The following theorem describes the Ricci curvature of an invariant metric on 
M = G/L, when the Lie algebra admits a non-degenerate Ad G-invariant symmetric 
bilinear form. 

Theorem 2.6. Let M — G/L be a homogeneous manifold and let (3 be a non- 
degenerate AdG-invariant symmetric bilinear form on the Lie algebra g. Let gM 
be the G-invariant pseudo-Riemannian metric on M induced by the scalar product 
of the form 

(2.9) <, >= ®f =x vjp \ mjXmj , Vj > 0, 

where m = mi © . . . © m m is a (3-orthogonal decomposition of m. For X £ m a , 
Y e m&, the Ricci curvature of gM is given by 
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j,k=l x J J 7 

Proof: First we note that /3 Im^xmj is in fact non-degenerate. Let X 6 m a and 
y € mh. We apply the formula given in Lemma T2. II According to Remark \2.2\ we 
have fr(-P(/(x,y)) — 0. Let j = 1, . . . ,m and let {wi}i and be dual bases for 

rrij with respect to (3. 

< TxTyW^w'i >= < X, [TyWi, W-] m > 
= ^aP{X,[T Y W,, W^]) 

= -v a f3(T Y Wi, 

= -^aEfcLl/^TV^JXXW) 

= -^aEfcLl v k l < T Y w h [ X , W i\m k > 

= EfcLi ^ 1 < y K, [X, ^] m J m > 

= -fa^b EfeLl ^fe ^([^ ^]m fc , <]) 

= VaVb EfeLl ffc ^ Wi] m J) 

= ^6 EfeLl ^fc^K'i [y Wilmjm,) 

= !y a !/ 6Er=l( I/ fc Z 6')~ 1 < w »> [y w i]mjm 3 > ■ 

This implies that 

m m ^ 

and thus tr(T x T Y ) = v a v\, E™fc=i 7^-<5m 3 m fc (A, y). 
< P x P Y w l , w' t >= < P Y w ll P x w' l > 

= EfeLi < P^W, [^XW > 

- ELi^ay^wjxxD 

= -Efcl^/^U^Jy^lmJm,) 

= - EfeLi ^fc^ 71 < K> l x i \ Y i wi] mh ] mj > . 
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Then 

m m 
k=l 3 k=l 3 

and thus we get tr(P^P Y ) = - £™ =1 ^Q«*m*(*> y )- 

By using Lemma 12. II we finally obtain the required expression for Ric{X, Y). 
□ 

We recall that a metric <?m is said to be normal if it is the restriction of a 
non-degenerate Ad L-invariant symmetric bilinear form on tn. The formula below 
for the Ricci curvature of a normal metric was first found by Wang and Ziller in 
[25] , and can be deduced from Theorem 12.61 From Corollary 12. 7\ it is clear that 
a necessary and sufficient condition for a normal metric to be Einstein is that the 
Casimir operator of [ is scalar on the isotropy space m. For instance, this condition 
holds if m is irreducible, simply-connected non-strongly isotropy irreducible homo- 
geneous spaces which admit a normal Einstein metric were classified by Wang and 
Ziller in [25], when G is a compact connected simple group. Also, more generally, 
simply-connected compact standard homogeneous manifolds were studied by E.D. 
Rodionov in [22] . 

Corollary 2.7. Let (3 be a non- degenerate Ad G -invariant symmetric bilinear form 
on q and gyi the normal metric on M defined by the restriction of (3 to m. The 
Ricci curvature of gu is given by Ric(m ai vn,b) = 0, if a =/= b, and for X £ m a , 

Ric(X,X) = -±$(X,X) - ±0(GX,X), 
where C\ is the Casimir operator of I with respect to (3. 

Proof: Let C B , C\ and C m be the Casimir operators of jj, [ and m with respect 
to j3. We remark that the Killing form of g may not be non-degenerate. Since <7m 
is defined by the restriction of /3, in Theorem 12.61 we can take V\ = . . . = v m = 1 
and obtain the following. Let X £ m a and Y £ m^. 

Ric(X, Y) = \ £™ =1 Q mjmk (X, Y) - Y) 

= lQ mm (X,Y)-^(X,Y) 

= \Q m (X, Y) - \Q ml (X, Y) - Y) 

= \0{C m X,Y)-\p[C x X,Y)-\*{X,Y) 

= -i$(x,y)-i/3(ax,y). 

Since C[(m a ) C m a , it is clear that Ric(X, Y) = if a ^ b and Ric is well 
determined by elements Ric(X,X) with X £ m a . 
□ 

We obtain a similar formula to that of Corollary 12. 71 in the case when the 
submodules mi, . . . , m m pairwise commute. The proof is similar. 

Corollary 2.8. Let f3 be a non- degenerate AdG-invariant symmetric bilinear form 
on q and gu on M defined by \2.9\) . Suppose that [m a ,Trih] = 0, if a ^ b. Then 
Ric(m a , rrifc) = ; for a ^ b, and for X £ m Q , 
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Ric(X,X) = -~$(X,X) - 1 -(3{C X X,X), 
where C\ is the Casimir operator of I with respect to the (3. 

3. The Ricci Curvature of an Adapted Metric 

In this section we obtain the Ricci curvature of an adapted metric gm on the 
total space of a homogeneous fibration as in p.l[) . Let 

M = G/L G/K = N, 

with fiber F = K/L, for a compact connected semisimple Lie group G and 

g = [®m=[fflpffin 

an associated reductive decomposition. We use the notation convention from Sec- 
tion [T] We recall that an adapted metric gu on M is induced by an Ad L- invariant 
Euclidean product g m given by (|1.4|) . i.e., 

,9m = {® S a=1 X a B Pa ) © (©LlMfc-BnJ • 

All the Casimir operators Cj, C Pa and C n . are with respect to the Killing form 
$ (see Definition 1 1 .5[> . Since <I>(Cr, •) and Q(C nj -, •) are Ad L-invariant symmetric 
bilinear maps and p a is AiiL-irreducible, there are constants j a and c njiQ such that 

(3-1) *(Civ) lp„XJ».= 7a* |p a xp a 

(3-2) $(<V,0 \ PaXPa = c nj , a $ | PaXPa . 

In the following Lemma we use the bilinear form Quv from Definition 12.41 
Lemma 3.1. Let iGp and Y E m. 

^Q„ jPo (x,y) = Q Panj (x,y) = 0; 
(a) Q„ inj (X,r) = o, i/i^i; 
fm; Q n . n .(x,y) = $(c ni x,y). 

Lei X' e rife and Y' € m. 

Q„ jPa (x',y) = Q Pan .(x',y) = o, ifj + k ; 

(v) Q Pank (X',Y') = Q nkPa (X',Y>) = <S>(C Pa X',Y'); 

(vi) Q PbPa (X',Y') = 0. 

Proof: Let X e p and Y S m. Since ac?xp C f 1 n we have Qn jPtl (A, Y~) = 0, 
from Lemma [231 From Lemma [231 Q Panj (A", F) = Q njPa (A, F) = 0. As adx^j C 
rij, we have Q njnj (X,Y) — &(C nj X, Y). Moreover, since n-,- A n^, for every i ^ j, 
we also conclude that Qmn^ (A, Y) = 0, if i ^ j. 

Let A' € rife and Y' G m. We have ad^-p Q C rife A p , , for j ^ k. Thus, 
Q njPa (A',T') = Q, if j ^ k and Q PjPa (X',Y') = 0, from Lemma [23J Also from 
ad^.p Q C rife we deduce that Q Pa „ k (X' ,Y') = §(C Pa A', Y'). From Lemma 1231 we 
also obtain Q faUj (X',Y') = Q njPa (X',Y') = 0, for j ^ fc and Q nkPa (A', Y') = 
Q Pant (A',T') = $(C Pa A',T'), for j = k. 

□ 

In the remaining of this section, we obtain formulae for the Ricci curvature of an 
adapted metric of the fibration M = G/L — > G/K = N in the vertical, horizontal 
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and p x n directions, by using Lemma 13. II and the formula for the Ricci curvature 
from Theorem 12.61 

3.1. The Ricci Curvature of an Adapted metric in the Vertical Direction. 

Lemma 3.2. Let gF be the K -invariant metric on the fiber F = K/L determined 
by the Ad L -invariant Euclidean product g p = ® s a= i\ a Bp a . The Ricci curvature of 
gp is given by Ric F — ® s a= iq a B Va , where 

o.c— 1 x ' 

The constants q^ b and j a are such that 

(3-4) |paX Pel =7o $ Lxp„ 

(3-5) Qp»p. kxp.= 9?* kxp. • 

In particular, Ric F (p a , pb) = 0, if a^b. 

Proof: Since pi,...,p s are pairwise inequivalent irreducible Ad L-submodules 
and the Ricci curvature of gF, Ric F , is an Ad L-invariant symmetric bilinear form, 
we may write Ric F = ®^ =1 q a Bp a , for some constants q%, . . . , q s . In particular, we 
have Ric F (p a ,pb) = 0, if a ^ b. By Theorem 12.61 the Ricci curvature of gp is 

b,c—l v 7 

By Lemma 12.51 the maps Q VcVb are Ad L-invariant symmetric bilinear maps. 
Since p a is ^4dL-irreducible, there are constants q cb as defined by (|3.5|) . Similarly, 
there is a constant 7 a as defined in (|3.4p . By the expression above for Ric F , we 
must have 




and the result follows from this. 
□ 



Proposition 3.3. Let gM be an adapted metric on the homogeneous fibration M 
G/L — > G/K defined by the Euclidean product 

5m = (® s a=1 X a B Pa ) © (©jUWk-BO • 
We /lave i?ic(p Q ,pb) = 0, ifa^b. For X £ p a , 

Ric(x, x)=(q a + ^-p^ B(X, X), 

where, for j = 1, . . . , n, i/ie constants c nj >a are swc/i i/iai 



(3.6) 



$(CV,0 lpaX Po = Cn^o* kxp a 
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and C n , is the Casimir operator of xij with respect to $. The constant q a is such 
that 



2 V 2A c Ab Xb J a 2 

b,c— 1 x ' 



with and 7 a defined by 



(3-7) $e |paX P(l =7o $ Lxp„ 

(3-8) Q PtPc Lx P<l = gf# Lxk ■ 

Proof: Since pi,...,p s are pairwise inequivalent irreducible Ad L-submodules 
and Ric \ pxp is an Ad L-invariant symmetric bilinear form, we have that Ric \ pxp 
is diagonal, i.e., 



Ric | pxp = ai-B Pl © ... © a s B Ps , 

for some constants ax, . . . ,a s . In particular, we have Ric{p ai p\ } ) = 0, if a =/= b. 
Hence, Ric \ pxp is determined by elements Ric(X, X) with X 6 p a , a = 1, . . . , s. 

By Lemma IO we obtain that only Q„ jnj (X, X) = $(C„ 3 X, X) and Q PbPc (X, X) 
is non-zero. Therefore, by Theorem 12.61 we obtain that 



Ric(X,X) = 



j,k=l v J J = l \ J / 

We have £™ =1 *) - £™i Y) = X) - $ f (X, X). 

Hence we can rewrite Ric(X,X) as follows: 




(i) 



As we saw in the proof of Lemma \'S.2l the summand (1) is just Ric F (X, X) = 
q a B(X, X). Furthermore, since <I>(C n .-, •) = Q„ n there are constants c n . j0 , defined 
in 

Therefore, 



(1 11 \2 \ 
4 fe^ J 



X) 



□ 
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3.2. The Ricci Curvature of an Adapted metric in the Horizontal Direc- 
tion. 

Lemma 3.4. Let g^ be the G-invariant metric on N = G/K determined by the 
Ad L-invariant Euclidean product g n = ® J 1 = i/J-jB nj . The Ricci curvature of g^ is 
given by Ric N — ®^ =1 rkB nk , where 



1 " 

(3-9) r k = - £ 



Mi ^ ji , 1 



3,1= 

and the constants rf/ are such that 

(3-10) Q njni kx„ fe =rf$ | nfcX „ fc • 

In particular, Ric N (xik, Xlj) =0, if k ^ j . 

Proof: The proof is similar to the proof of Lemma 13.21 and it can be found in 
detail in [3]. 
□ 

Proposition 3.5. Lei <?m &e an adapted metric on the homogeneous fibration M = 
G/L — > G/K defined by the Euclidean product 

9m = {® s a=1 X a B Pa ) 8 (®l =1 fi k B nk ) . 
We have Ric(x\k,nj) — 0, if j ^ k. For X e rife. 

1 s 

#ic(X, X) = - — ^aB(C Pa X, X) + r k B(X, X), 

^ k a=l 

where C Pa is the Casimir operator ofp a with respect to $, 



Vk 2^(2^ ^) rf+ 2 



and the constants rj/ are such that 

Qnjni \n k xn k = ^ ^ |n fe xn* ■ 

Proof: Let X S rtfe and 7 6 life/. By Lemma T3. II we have Qp a p b (X, Y) = 0, for 
every a, 6 = 1, . . . , s. Also, Qn ]Pa {X, Y) = Q Panj (X, F) = 0, if j ^ /c, fc'. Therefore, 
it follows from Theorem 12.61 and Lemma that . if k 7^ k', then 



ffic(X,F) = \ £ (B. - BBl) Q njni (X,Y) - U(X,Y) = mc N {XX) = 0. 

Hence, Ric | nxn is determined by elements Ric(X, X) with X £ rife, fc = 1, . . . , n. 
For X £ rife, by Theorem 12. 6[ we get 



Ric(X,X) = 
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From Lemma El we know that Q„ kPa (X,X) = Q PaUk (X,X) = $(C Pa X, X). 
Hence, we simplify the expression above obtaining 




Finally, by using Lemma [5^1 we have Ric N (X, X) = r^B{X, X) and this concludes 
the proof. 
□ 



3.3. The Ricci Curvature of an Adapted metric in the Mixed Direction 
p x n. 

Proposition 3.6. Let gu be an adapted metric on the homogeneous fibration M — 
G/L — > G/K defined by the Euclidean product 



For X e p a , Y e n k: 

Ric{X, Y) = —— ^ - 2 , 

where C nj is the Casimir operator of n j with respect to <£>. 

Proof: For X £ p we know from Lemmal3"Jlthat Q„ jPa (X, Y) = Q Panj {X, Y) = 
and Q ninj (X,Y) = 0, if i ^ j, whereas Q njUj (X,Y) = $(C nj X,Y). Moreover, 
for Y € rife, since adxadyp C rife _L p, we also obtain from Lemma 13.11 that 
Q PbPc {X,Y) = 0. Therefore, only Q n . nj (X,Y) = $(C nj X,Y), may not be zero. 
Furthermore, $>(X,Y) — 0. Hence, from Theorem 12.61 we get 



Ri<X, Y) = l£(l-^j 0^ (X, Y) = \£(l-^j HC nj X, Y). 



o 

On the other hand 



J2$(CnjX,Y) = <i>(C n X,Y) = *{X,Y) - $(C t X,Y) = 0, 

3=1 



since Cfp C 6 _L n. Therefore, 



Ric(X,Y) = — 2^ 



4 u ^ 



□ 
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3.4. Necessary Conditions for the Existence of an Adapted Einstein Met- 
ric. From the expressions obtained previously for the Ricci curvature in the hor- 
izontal direction and in the direction of p x n we obtain two necessary conditions 
for the existence of an adapted Einstein metric on M. 

Corollary 3.7. Let gu be an adapted metric on the homogeneous fibration M — 
G/L — > G/K defined by the Euclidean product 

g m = {® s a =iKB Pa ) e (eg=iMkfl»J • 

If 9m is Einstein, then the operator X)o=i ^aCp a is scalar on each tij. 

Proof: Let gu be an adapted metric as defined in (|1.4p . If gu is Einstein with 
Einstein constant E, then, Ric | n xn = Eg n and thus Ric | nxn is Ad K-mv&r'mnt. 
Therefore, by Proposition 13.51 we conclude that $^* =1 A a C Pa | n must be AdK- 
invariant. Hence, 53a=i ^a,Cp a \ nk is scalar, by irreducibility of n^. 

□ 

Corollary 3.8. Let gM be an adapted metric on the homogeneous fibration M — 
G/L — > G/K defined by the Euclidean product 

,9m = (C=lAa5pJ © (®JU/**fln») • 

The orthogonality condition ffic(p,n) = holds if and only if 



1 

(3.ii) ^ Cnj( p)ce. 

3=1 ^ 

Moreover, if gM is Einstein, then \3.11\ ) holds. 

Proof: From Proposition 13. 6i we obtain that ffic(p,n) = if and only if, for 
every X e p a and Y G n&, 

\k "? ) 

This holds if only if £" =1 ^fX C t, for every X ep. 

If gM is Einstein with Einstein constant E, then ffic(p,n) = Eg m (p,n) = 0. 
□ 

The two previous Corollaries may be restated as in Theorem 11.21 which em- 
phasizes the fact that the two necessary conditions obtained for existence of an 
Einstein adapted metric are just algebraic conditions on the Casimir operators of 
the submodules p a and n^. 



Proof of Theorem \ The assertions follow from Corollaries 13.71 and [ 
In 13.81 we set V). = l//i^. Hence, v\ = . . . = v n occurs when gpj is the standard 
metric. Moreover, if v\ = . . . = v n , the inclusion in Theorem 13.81 is equivalent to 
C n (p) C 6, which always holds since C n = Ld — Ce and C{ maps p into t. So we 
obtain a condition on the C nj 's only when gjy is not standard. 

□ 
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4. Einstein Binormal Metrics 

In this Section we obtain the Ricci curvature of a binormal metric ( see (|1.6p ) 
and conditions for such a metric to be Einstein. We prove Theorem 11.31 and the 
subsequent Corollaries stated in Section [TJ As we shall see, the conditions for 
the existence of an Einstein binormal metric translate in very simple conditions 
on the Casimir operators of 6, [ and p a . As in previous sections, we consider the 
homogeneous fibration M = G/L — > G/K = N as in (jl.lj) . We use the notation 
from Sections [T] and [31 We start by considering the case when the restriction gp of 
the metric to the fiber F = K/L is normal. 

Proposition 4.1. Let gM be an adapted metric on the homogeneous fibration M = 
G/L — ► G/K defined by the Euclidean product 

The Ricci curvature of gM is given by: 

(i) For X £ p a , 

(\2 n \ 

where q a — \ {c\. a + -<?■) , c\^ a is the eigenvalue of the Casimir operator of I on 
p a , 7 a and c nj a are given by {3.$ and h3.6\) . respectively. 

(ii) For X e n k , 

Ric(X,X) = -^B(C p X,X) + r k B(X,X), 



where r k is given by S3.9\) : 
(Hi) For X £ p a and Y G rife . 

Ric(X, Y) = —)^ - 2 ; 

3=1 ^ 

(iv) Ric(p a ,pb) =0, ifa^b, and i?ic(n 4 ,nj) = 0, ifi^j. 

Proof: (i) By Corollary 12.71 if gF is a multiple of B = — then we obtain that 

Ric F (X,X) = -\MX,Y) - i$(C r X,y) = - 1 - (y + c t , a ) *(X,X), 

for X G p a 7 where c\. a is the eigenvalue of the Casimir operator of [ with respect 
to $ on p a - Hence, we have 

1 (la 

The result then follows from this and Proposition 13. 31 

(ii) It follows directly from Proposition 13.51 by observing that J2a=i Cp a = C p . 

(iii) The Ricci curvature in the direction p x n essentially remains unchanged; 
the expression given is just that of Proposition 13 . 61 after replacing Ai, . . . , X s by A. 

(iv) These orthogonality conditions are satisfied by any adapted metric on M 
and were shown to hold in Propositions 13.31 and [ 

□ 



20 



FATIMA ARAUJO 



Similarly, if the metric on the base is normal, then we obtain the following 
characterization: 

Proposition 4.2. Let gM be an adapted metric on the homogeneous fibration M = 
G/L — ► G/K defined by the Euclidean product 

.9m = (® 8 a =i\ a B Pa ) ® fJ,B n . 

The Ricci curvature of gM is given by: 

(i) For X G p Q , 

Ric(X,X) = (q a + - To )) B(X,X), 

where q a and 7 a are given by j3.4\ ) and US. 10]) , respectively. 

(ii) For lent, 

1 s A 

Ric(X, X) = --J2 —B(C Pa X, X) + r k B(X, X), 

a=l M 

with r k — \ i\ +C{,/c); where cjj. is the eigenvalue of the Casimir operator Cj 
on n k ; 

(Hi) Ric(p, n) = 0; 

(iv) ffic(p a ,p ) =0, ifa^b, and i£ic(n,,1Vj) = 0. if i ^ j. 
Proof: (i) From the fact that j a + Sj=i Cn^a = 1, we obtain 

" A 2 A 2 

3=1 

The required expression follows immediately from Proposition 13.31 

(ii) From Corollary 12.71 we obtain that r k = | (| + ci,fc), where is as defined 
in Lemma 13.41 The expression then follows from Proposition 13. 51 

(hi) By using the fact that C n = X)J=i ^nji from Proposition 13.61 it follows that 

Ric(X,Y) = ^B(C n X,Y), 

for every I e p a and Y G n^.. Moreover, since C n = C B — C( = Id — C{ and 
C{(p) C t, we have that C n (X) G Ms orthogonal to F G n with respect to B. 
Hence, i?ic(X, F) = 0. 

(iv) these orthogonality conditions are simply those in Propositions 13.31 and 13.51 
□ 

The Ricci curvature of a binormal metric follows immediately from Propositions 
IOandl4~2l 



Corollary 4.3. Consider the homogeneous fibration M = G/L — > G/K and the 
binormal metric gu on M defined by the Euclidean product g m = XB p © nB n . 
(i) For every X £ p a , 

Ric(X,X)= (q a + Aj(l_ 7o )^ B(X,X), 
where q a — \ + Ci,a)> c Ua is the eigenvalue of C\ on p a and j a is determined 

by 
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$t Lxp a = 7a* |p a xp a ; 

(ii) For every Y G r\j, 

Ric(Y, Y) = - ^-B(C p Y, Y) + r 3 B(Y, Y), 

where rj — 5 + c t.j) an d c t.j * s the eigenvalue of Ct on rij; 
(Hi) Ric(p, n) = 0; 

(iv) Ric(p a ,pb) = 0, ifa^b, and Ric(xii,Tij) = 0, if i ^ j. 
We finally prove Theorem 11.31 given in Section [TJ 

Proof of Theorem 1 1. 31 : Let gm be an adapted metric on M and g m = 
(©* =1 A a i?p a ) © (®fc = iMfcS nfc ) the associated Ad L-invariant Euclidean product on 
m. By Corollary 13. 7[ we have that, if gu is Einstein, then C p and C\ are scalar on 
rij, for every j — 1, . . . , n. Say 

C p |„ 3 = VId and C\ \ nj = c\^Id. 
Suppose that g is Einstein with constant E. From Corollary 14.31 we obtain the 
Einstein equations 

(4.1) -±-V +r j = l iE,j = l : ...,n 

(4-2) ~ (y+ c U+2^(l-7a)) =AE,o=l,...,«. 

If n > 1, from Equation (|4.1|) we obtain the following: 

(4.3) ^-(fti-y^r.-r^^j = !,...,„. 



By using Lemma 13.41 we have 



whereas 











ri-ri = \\ 




"I' 





b % -b> = (ct,i - ct,j) - (c[,i - c,^). 
Therefore, Equation (14. 3[) becomes 



5! <5 f . 

By using the variable X, we rewrite the equation above as — jj-6\j = (l — 
and this yields S\j = (1 — X)8\y 

Equation (|4.2|) may be rewritten as 

(4.4) ^(y + c ^) x + ( 1 -^4^ = /ijB - 

Hence, if s > 1, for a, 6 = 1, . . . , s, we get 
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which yields 

ft,g ~ c i,b = \ \jp - lj (7a_^_7b)- 

By solving this equation we obtain 

(25 i ab + Si b )X 2 = S e ab . 
Finally, by using Equations (|4.1|) and (|4.4I) we obtain the equality 

2V2 '/ V 4X 2X 2 \2 tJ ) 1 

which rearranged gives 

+ c,, ) X 2 - (1 + c t ,^ X + 1(1 - 7a + 26^") = 0. 

□ 

Proof of Corollary \l-4\ Since p is an irreducible AiL-module and n is an 
irreducible Aci if -module, then any adapted metric on M is binormal. Hence, we 
use Theorem ll.3l By the irreducibility of p and n, we have s — 1 and n — 1 and thus 
Einstein binormal metrics are given by positive solutions of (|1.9[) . if C p is scalar 
on n. Hence, from Theorem 11.31 we conclude that there exists on M an Einstein 
binormal metric if and only if C p is scalar on n and A > 0, where 

A = (1 + 2c { , n ) 2 - 4( 7 + 2ct, p )(l - 7 + 26). 

Since F is isotropy irreducible and dimF > 1, we have 7 + 2ci jP ^ and 
the polynomial in (|1.9p has exactly degree two. In fact, if 7 + 2c[. p = 0, then 
7 = c \.p = and thus, in particular, p lies in the center of t. But the hypothesis 
that p is irreducible and abelian implies that p is 1-dimensional which contradicts 
the hypothesis that dimF > 1. Therefore, 7 + 2c l p 7^ 0. In this case, the solutions 
of (TO]) are 

= 1 + 2c t , n ± y/5 

2(7 + 2c[, p ) 

□ 

Proof of Corollary ] 1.5k The fact that p is 1-dimensional implies that p lies in 
the center of t. Hence, in the notation of Corollarv ll.4[ 7 = c\_ p = 0. On the other 
hand, if n is Ad K- irreducible then, the semisimple part of K acts transitively on n. 
Moreover, since p lies in the center of {!, then the semisimple part of [ coincides with 
the semisimple part of t. Hence, L also acts transitively on n and n is an irreducible 
AdL-module as well. Consequently, any G-invariant metric on M is adapted and 
moreover is binormal, by the irreducibility of p and n. Furthermore, C p must be 
scalar on n, since Cf and C\ are scalar on n. Therefore, G-invariant Einstein metrics 
are given by positive solutions of (|1.9p in Theorem 11.31 Since 7 = C[ )P = 0, (|1.9j) is 
just a degree-one equation whose solution is 
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(4.5) x = > + » 

1 + 2ct,n 

where b is the eigenvalue of C p on n. Since g is simple we have tr(C v ) = dimp = 
1. Since p lies in the center of C p vanishes on t and thus tr(C p ) = ir(C p | n ) = 
fedimn = bra. Hence, b = 1/m. By replacing b on (14. 5[) we obtain the expression 
given for X. 

□ 

Proof of Corollarv ll .61 : If $ o d | P xp = a'&t Ipxp, then 

(4.6) ci ja = a7 a , for every a = 1, . . . ,s. 

Therefore, for any a, b = 1, . . . , s, if s > 1, 2(5^ b + <5' b = (2a + 1)<5* 6 and, thus, 
Equation (|1.8[) in Theorem II .31 becomes 

(4.7) (2a + l)^ fc X 2 = 

In particular, (I4.6[) implies that ci iQ = if and only if j a — (thus if p has 
submodules where L acts trivially, then <I>e vanish on those submodules and then 
they lie in the center of B. If K is semisimple, then the isotropy representation of 
K/L is faithful). The fact that the isotropy representation of K/L is not irreducible 
implies that p decomposes as a direct sum pi © ... © p s with s > 1. For the indices 
for which -f a ^ 7b, we have (5' 6 ^ and (|4.7[) implies that 

x = 1 



V2a+ 1 

Hence, X = ^ 2 * +1 mus ^ be a root of the polynomial in (|1.9[) . By using the fact 
that C[ i£l = a7 a and 6^ = cj^ — C[ j, simple calculations show that 

( 4 - 8 ) c Uj = ( 1 - J^-r ) f c * ' 



V2a + 1 J V 2 , 

We observe that this condition implies (|1.7|) in Theorem 11.31 as we can see by 
the equalities below: 



Hence, there is a binormal Einstein metric if and only if (|4.8p is satisfied and the 
operator C p is scalar on xij, for every j = 1, . . . , n. In this case, according also to 
Theorem [0] such metric is, up to homothety, given by B p © -^==B n . 



It remains to show that if exists an Einstein binormal metric then \J2a + 1 S Q. 
This follows from the fact that the eigenvalues of C{ and C\ on rij are rational 
numbers. Since ? is a compact algebra, the eigenvalue of its Casimir operator on 
the complex representation on is given by 

< A,-, A, ; + 28 > ^ 
2h*(g) ^ 

where Xj is the highest weight for , 28 is the sum of all positive roots of 6 and 
h*(g) is the dual Coxeter number of g ([H], [2Q]). A similar formula holds for Cij 
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and we conclude that Cy and Ctj are rational numbers. If there exists a binomial 
Einstein metric on M, then Cij and Ctj are related by formula stated in 

this result. This implies that y/2a + 1 is a rational number. 
□ 

Example 4.1. Circle Bundles over Compact Irreducible Hermitian Sym- 
metric Spaces: 

An application of Corollary 11.51 occurs when the base space is an irreducible 
symmetric space. So let us consider a fibration M — > N where the fiber F is 
isomorphic to the circle group and N is an isotropy irreducible symmetric space. 
Since F is the circle group, p lies in the center of 6. Hence, K has one-dimensional 
center, since for a compact irreducible symmetric space the center of K has at 
most dimension 1. Moreover, in this case iV is a compact irreducible Hermitian 
symmetric space. In particular, L must coincide with the semisimple part of K . 
Compact irreducible Hermitian symmetric spaces G/K are classified (see e.g. |10|). 
All the possible G, K and L are listed in Table [TJ together with the coefficient X 
of the, unique, Einstein adapted metric on G/L, as in Corollary 1 1.51 

□ 

Table 1 . Circle bundles over compact irreducible hermitian sym- 
metric spaces. 



G K L 


X 


SU(n) S(U(p) x U(n - p)) SU(p) x SU(n - p) 
SO(2n) U{n) SU(n) 
SO(n) SO(2) x SO(n - 2) SO(n - 2) 
Sp(n) U(n) SU(n) 
E 6 50(10) x U(l) SO(10) 
E 7 Ed x U{1) E 6 


p(n— 

2p(n-p) 
n(n-l) + 2 
2n(n — 1) 
n-1 
n-2 
n(n + l)+2 
2n(n + l) 
17 
32 
14 
27 



5. RlEMANNIAN FlBRATIONS WITH ElNSTEIN FIBER AND ElNSTEIN BASE 

In this section we investigate conditions for the existence of an Einstein adapted 
metric gm on M such that gF and gN are also Einstein. We prove Theorems 11.71 
and 11.81 stated in Section Q] We follow the notation and hypothesis introduced in 
SectionQ] In particular, for any homogeneous fibration M = G/L — ► G/K = N, G 
is a compact connected semisimple Lie group and L £ K £ G are connected closed 
non-trivial subgroups of G. 

Proposition 5.1. Let gM be an adapted metric on the homogeneous fibration M = 
G / L — > G / K = N defined by the Euclidean product 

9m - (® & a=1 X a B Pa ) e (©jUwt-BO • 

-f/ffM and gN are both Einstein, then 
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(Xj 



hk = 1, 



Mfc r k \b k , 

where V is the eigenvalue of the operator ^2" i A a C Pa on rij, and the rj 's are 
determined by Ric N — ® k= ir k B nk as in Lemma \3.4\ Up to homothety, there exists 
at most one Einstein metric gjv on N such that the corresponding adapted metric 
gu on M is Einstein. 

Proof: The statement is trivial if N is isotropy irreducible, so we suppose that 
N is not irreducible, i.e., n > l.From Corollary 13. 71 we know that if <?m is Einstein, 
then there are constants V such that 



5> a C Pa \ nj =VId. 



a=l 



We recall from Lemma 13741 that Ric = ® k=1 r k B nk . Hence, if gN is Einstein, 
then 



— = ... = — , i.e., -± 

Ml Ll n LXk 

From Proposition 13.51 for X <G n k , the Ricci curvature of gM is 



(5.1) !! = ...= -, i.e., ^ = ^, forj,fc=l, 

Mi M« LXk r k 



1 s b k 
Ric(X, X) = -— V X a B(C Pa X, X) + r k B{X, X) = ( - — + r k )B(X, X). 
2Li k ^ 2fx k 

If gM is Einstein, then from the expression above we obtain the following Equa- 
tions 



(5.2) ^ ■ rk V 



'3 



2n z k Li k 2yj fXj 
The identities (|5TTJ) and (|S"72|) imply that 



M/c Mj 



and consequently, by using (15. 1| . 



Since the eigenvalues V are independent of the Mj' s > the ratios (|5.3p imply that 
there is at most one possible choice for g^, up to scalar multiplication. 
□ 

Proposition 5.2. Let gM be an adapted metric on the homogeneous fibration M — 
G/L — > G/K = N defined by the Euclidean product 

9m = {® S a=1 X a B Pa ) 8 (©LlMfc^nJ • 

//<7M and gF are both Einstein, then 



26 



FATIMA ARAUJO 



- = - = 2^-^ 2^—r> fora,b = l,...,s, 

where c nj , a is such that $(Gn 3 -,-) | Pa xp a = c njja <I> | PaX p a , for a = l,...,s and 
the q a 's are determined by Ric F = @ s a= iq a B Va as in Lemma \3. 6 2\ Up to homoth- 
ety, there exists at most one Einstein metric gp on F such that the corresponding 
adapted metric gu on M is Einstein. 

Proof: The statement is trivial if F = K/L is isotropy irreducible, so we suppose 
that F is not irreducible, i.e., s > 1. The proof is similar to that of Proposition 
15.11 by using Lemma [3721 and Proposition 13. 31 

□ 

Proof of Theorem \1.7[ Using Proposition 15.11 we write fj^ = p-/- 4 ?- The 
second formula follows immediately from this and Proposition 15.21 
□ 

Proof of Theorem \1.8i If <?m, <?jv and gF are all Einstein, from Proposition 
13.51 we get 

-—V + fijE N = fijE, 
from which, if En ^ E, we deduce 



<5 - 4) " whfy 



From Proposition 13.31 we have 

A 2 C . a 
X a Ep + ~y — y— = X a E 
4 

which implies 



(5.5) Xa J2^f=4(E-E F ). 

3=i n 

We obtain the required formula for A a by replacing f|5.4|) in the equation above. 
□ 



6. Invariant Einstein Metrics on Kowalski ^-symmetric Spaces 

In this section we show that the n-symmetric spaces M — ^„° G admit a non- 
standard Einstein adapted metric, for n > 4. The main result is Theorem 1 1 . 91 which 
is stated in section [T] and proved in this section. 

Let Go be a compact connected simple Lie group. For any positive integer m, 
we denote G™ = Go x . . . x Go and A" 1 Go is the diagonal subgroup in G™. 

m 

Let n,p, q be positive integers such that p + q = n and 2<p<q<n — 2 and 
consider the following groups: 
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(6.1) G = G' l 

K = A P G x A 9 G £ G 
L = A n G £ X 

We consider the fibration M = G/L -> G/K = N with fiber F = K/L. If g 
denotes the Lie algebra of Go, then the Lie algebras of G, K and L are 8 = 0$, 
6 = A p g x A 9 g and I = A"g , respectively. If $0 is the Killing form of go, 
then the Killing form of g is simply $ = $0 + . . . + $0- Following the notation 
used in previous sections, let n be the orthogonal complement of t in g and p be 
an orthogonal complement of I in {, with respect to Then g — I © m, where 
m = p © n and t = I® p. 

In the Lemma below we present a decomposition of the orthogonal comple- 
ments p and n. The tangent space to the fiber, p, is Ad L-irreducible whereas n 
is Ad K -reducible. The decomposition below for n is among many others and the 
decomposition we will consider throughout. The proof is straightforward and can 
be found in [3l §4.1]. 

Lemma 6.1. (i) p = {(qX, . . . , qX, — pX, . . . — pX) : X 6 go} and p is AdL- 

P Q 

irreducible; 

(ii) n admits the decomposition n = rti ri2, where 

p 



m = {(X 1 ,...,X p ,0,...,0) :X j ,eg a ,J2Xj ■ =0}Cflg x o q 

3=1 

<? 

n 2 = {(0, ....0. A'i \,i : A , • flo,^^ =0}cO p x 8 J 



3=1 

Below we describe the Casimir operators of g, t, I, p, ni and ri2 and present 
the necessary eigenvalues to solve the Einstein equations for an Einstein adapted 
metric on M. The proofs of the following Lemmas can be found in [3l §4.1]. 

Lemma 6.2. (i) C g — Id B ; 

(ii) C\ = -Id g ; 
n 

q v 

(Hi) C„ = — Id„p x — Id n q; 
1 7 p np Bo nq 30 

(iv) C t = -Id B * x -Idg.; 

(v) G ni = (\ - ij Id B P x Q s , and C n2 = g , x ^1 - M Jd B «. 

We recall that C[ jP is the eigenvalue of G[ on p, is the eigenvalue of G{ on rii. 
The Casimir operator of p is scalar on ttj, as we can see from Corollary 16. 31 and h % 
denotes the eigenvalue of G p on rij, for i = 1,2. Also, following a notation similar 
to that of (|3.1[) and (|3.2p . c niiP and 7 are the constants defined by 
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(6.2) $(C n ,.,.) |p X p=C nil p$ | pxp , * = 1,2 

(6.3) | pxp=7 a>| pxp . 

Lemma 6.3. (i) C[ 



9 _„ Jt 2 P 



(ii) C v is scalar on n, , j = 1, 2 and 6 1 = — and 6 2 = — ; 

np nq 

(Hi) C{ i = — and C{ 2 = — ■' 
/. , a 2 +p 2 

w 7 = ; 

npq 

/ , (P- 1)9 . (<?- 1)P 

[ty c n ,. p = and c n2 . p = . 

pn qn 

We consider an adapted metric gu on M denned by the Euclidean product 

(6.4) g m = XB p ® f j, 1 B ni ® f x 2 B n2 . 

We observe that rii and TI2 are inequivalent Ad K -modules, but they are not 
irreducible, for n > 4. Hence, adapted metrics on M are not necessarily of the form 
(|6.4p . However, throughout we shall focus only on adapted metrics of this form. 

We shall classify all the binormal Einstein metrics on M. Although the sub- 
modules ni and ri2 are not Ad K -irreducible for n > 4, the Casimir operators of 
[, 6 and p are always scalar on ni and on ri2. Hence, it is enough to consider one 
irreducible submodule in rii and one irreducible submodule in TI2, to compute the 
Ricci curvature of g^. According to Theorem 11.31 (2.19), there is an one-to-one 
correspondence, up to homothety, between binormal adapted Einstein metrics on 
M and positive solutions of the following set of equations: 

(6.5) 5t 2 (l-X)=5[ 2 

(6.6) (7 + 2c[, p )A 2 - (1 + 2c fJ ) X + (1 - 7 + 2b 1 ) = 0, j = 1, 2 

Given a positive solution X, then Einstein binormal metrics are given by g m = 
Bp XB n , up to homothety. 

Theorem 6.4. Let Gq be a compact connected simple group and consider the fi- 
bration 

(-in r^P /^fQ 

Jl# _ ^0 ^0 



A n G APG A«G 
where p + q = n and 2<p<q<n — 2. 

If P 1 or n = A, the standard metric is the only Einstein binormal metric, up 
to homothety. For n > 4 and p = q, there are on M exactly two Einstein binormal 
metrics, up to homothety, which are the standard metric and the metric induced by 

n 

9m = B p ® -B n . 

Proof: From Corollary 16.31 we obtain that 8\ 2 = C{ 1 — q.2 = - — ^ whereas 

S[ 2 = C[j — ci,2 — \ — \ — 0. Hence, Equation (|6.5[) implies that X = 1 or p = q. 
So if p 7^ g, if there exists a binormal Einstein metric it must be the standard 
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metric. This we already know it is Einstein by [21] . Therefore, if p ^ q, then there 
exists, up to homothety, exactly one binormal Einstein metric on G/L which is the 
standard metric. 

By using Corollary 16.31 Equation ()6.6|) may be rewritten as 



(6.7) nX 2 - q(p + 2)X + pq + q - p = 0, for j = 1 

(6.8) nX 2 - p{q + 2)X +pq + p-q = 0, for j = 2 

It is clear that X = 1 is actually a solution of both equations, and we confirm 
that the standard metric is Einstein. Now suppose that p — q. As n = p + q, then 
p = q = |. Therefore, {S7TD and ([5T5]) become equivalent to 4X 2 - (n + 4)X + n = 0. 
This polynomial has two positive roots, 1 and j. Therefore, for p = q and n > 4, 
there exist precisely two binormal Einstein metrics. 

□ 

Since the vertical isotropy space p is Ad L- irreducible, the restriction of any G- 
invariant metric on M to the fiber F is an Einstein metric. Below we show that 
the only Einstein adapted metric on M which projects onto an Einstein metric on 
the base space TV is the Einstein binormal metric given in Theorem l6.41 

Theorem 6.5. Let Go be a compact connected simple group and consider the fi- 
bration 

rvn /~ip 
M = _> x 
A"G APG A^Go ' 

where p + q — n and 2<p<q<n — 2. Let be an Einstein adapted metric 
on M defined by g m = XB V © [iiB ni © /U2-S n2 as in |6'.4| i- The projection g^ onto 
the base space is also Einstein if and only if p — q. Ln this case, gM is a binormal 
metric. 

Proof: By Proposition l5.il we know that if gM and <?at are Einstein then we must 
have the relation 



i 

From Lemma l673l (ii) we obtain (^j^j = p- Since [ttj , tig] = and G\ is scalar on 
rii, it follows from the definition of the ?Vs in Proposition 13.51 and from Corollary 
12.81 that ri — | Q + ct^). Hence, ^ = fep|g;, by using Lemma [673l fiii). Therefore, 
(|6.9|) is possible if and only if p = q. Also from the proof of Proposition [5TT1 if gN 

and gM are Einstein, then = (jp^J = f = ^ an( ^ ^ M ^ s binormal. Conversely, 
if gM is binormal and p = q = n/2, then by the above we also get 

H — II 

Ml M2 

and gjv is Einstein. 
□ 

The Einstein equations in general for arbitrary p and q are extremely compli- 
cated. However with the help of Maple it is still possible to solve the problem in 
general. Next we shall classify all the Einstein adapted metrics on M of the form 
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(|6.4|) . The proof of the following Lemma follows from Proposition ^. 1 1 and Corollary 
12.81 by using the eigenvalues given in Corollary 16.31 This can be found in detail in 
U §4-l]- 

Lemma 6.6. Consider the fibration 

s~m r^V s~f<Z 

M = ► x = N 

A"G APG AiG 

where p + q = n and 2<p<q<n— 2. There is a one-to-one correspondence 
between Einstein adapted metrics on M defined by g m — XB V ® p>iB ni (B ^ 2 B n2 ®s i- n 
\6.4\ ), up to homothety, and positive solutions of the following system of Equations: 

(6.10) - 2q 2 X\ + nq{p + 2)X X + 2p 2 X 2 2 - np(q + 2)X 2 = 

(6.11) n 2 +q 2 {p+ l)X 2 +p 2 (q- 1)X 2 -nq(p + 2)X 1 = 

To a positive solution (X%,X2) corresponds an Einstein adapted metric defined 
by g m = B p ® ^B ni © ^B n2 . 

Proof of Theorem 1 1 . 9c By using Maple we obtain that the solutions of the 
system given in Lemma 16.61 are X\ = X2 = 1 and 



( ~q 2 {p + l)a 2 + nq(p + 2)a~n 2 y 
(6.12) X 1= a,X 2 =^ — j , 

where a is a root of the polynomial 

t(Z) = Aq 2 Z z - Aq{n + pq + 2)Z 2 + n(q(q + 2)(p + 1) + n + 8)Z - (q + 3)n 2 . 

The solution X± = X 2 = 1 corresponds to a standard metric and, once more, we 
confirm that M is an Einstein standard manifold. We investigate the existence of 
other metrics. From the expression for X 2 in (|6.12p we conclude that, 

X 2 € K if and only if a £ 



For this we compute the roots of the polynomial — q 2 (p+ l)a 2 +nq(p + 2)a- 
in (|6.12[) . Simple calculations show that 

/ n\ p(q — l) 2 n 2 

t - = ^ '- > 

\lJ 1 

p(p + 3) 2 (q-l)n 2 <Q 



4 g(p + l)/ q{p+l) 3 

and thus t has at least one (positive) root in the interval ( q(^+x) ■> ■ To this 
root corresponds an Einstein adapted metric on M. Furthermore, we show that 
this root is unique and distinct from 1 . From this we will conclude that there exists 
a non-standard Einstein adapted metric on M . Simple calculations show that the 



zeros of -|| are 



■ pq + 2 Vs 



3q 6q 
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where 

S = (q + 1)V - (q - l){3q 2 + 4q- 8)p - (q - l){3q 2 + 8q + 16). 

We show that S < 0. For p = q, S = -2q 4 - 2q 3 + 8q 2 - 16q + 16 < 0, for every 
q > 2. So we suppose that p < q. In this case, since p 2 < (q — l)p, we have 

S < (q - 1)( - (2p + 3)q 2 - (2p + 8)q + (9p - 16)) 

< (q - l){-2p 3 - bp 2 + p - 16) 

< 0, 

for every p > 2. With this we conclude that ^ has no real zeros and thus the 
root of t found above is the unique real root of t. Moreover, we must guarantee 
that this root does not yield the solution X\ = X^ = 1. If X\ = X2 = 1, then 
a — 1 is a root of t. This may be possible since 1 € f ^TPTj ' q) • ^ mce 

t(l)=p(g + 2)(9-l)(n-4), 

a = 1 is a root of t if and only if n = 4. By using (|6.12[) we get that if X\ = 1 
when n = 4, then = 1 as well. Since non-standard Einstein adapted metrics are 
given by pairs of the form (|6.12[) , with a ^= 1 , we conclude that there exists a unique 
non-standard Einstein adapted metric of the form (|6.4[) if and only if n > 4; in the 
case n = 4, the standard metric is the unique Einstein adapted metric of the form 
(16. 4[) . Finally, we observe that, if n = 4, the subspaces n 1 and n 2 are irreducible 
AiL-submodules. Hence, any adapted metric on M is of the form (|6.4|) . Therefore, 
we conclude that, for n = 4, there exists a unique Einstein adapted metric on M 
which is the standard metric. 

Since there is a unique non-standard Einstein adapted metric on M , it follows 
from Theorem 16.41 that this metric is binormal if and only if p = q. 

□ 
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